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1.0  Quantum Nash Equilibria 

 
 Quantum Nash equilibria typically originate from two sources.  One arena which gives rise to quantum 

Nash equilibria is the field of quantum computing (Toibman, 2004; Fellman and Post, 2006).  The other 

area which gives rise to quantum Nash equilibria is the application of game theory to objects with quantum 

mechanical properties, beginning with the efforts of Eisert, Wilkens and Lewenstein (1999)  and David 

Meyer (1999), who examined the effect of quantum superpositioning in game theory through the 

application of various other quantum mechanical properties to game theory, such as decoherence (Flitney 

and Abbot, 2005;  Flitney and Hollenberg 2005; Flitney, 2005), entanglement (Iqbal  and Weigert, 2004; 

Iqbal, 2005a; 2005b; Huberman and Hogg, 2004),  solvable mappings in Hilbert space (Cheon and Tsutsui, 

2006), and eventually the game theoretic or meta-game theoretic examination of quantum games, (Iqbal 

and Cheon, 2007). 

 

2.0  The Nash Bargaining Problem 

 
 The Nash bargaining problem, which was first introduced by Nash in 1950 (Nash, 1950), unlike the 

Nash equilibrium for non-cooperative games (Nash 1950) involves the possibility of bargaining and side 

payments.  It remains an important area of research and new results for the Nash bargaining problem 

continue to be discovered (Dagan et al., 2002; Cierpal and Ramsey, 2006).  Nash himself originally 

described the problem as “a two-person non-zero sum game”, noting that this is a game of “two individuals 

who have the opportunity to collaborate for mutual benefit in more than one way”.  Nash identified this as 

the classical problem of exchange, and bilateral monopoly.  The Nash bargaining solution is one which, 
while releasing the non-cooperative constraints of no communication between players, including no 

possibility of side payments, which also imposes additional constraints on the solution, requiring Pareto 

optimality.  In order to illustrate the nature of the Nash Bargaining Problem, we borrow the 2002 lecture 

notes of Rahul Garg of IBM India, given at the Indian Institute of Technology.  A more complete treatment 

of multi-player Nash bargaining equilibria can be found in Dagan et al (2002) and Cierpal and Ramsey 

(2005). 

 

2.1  Garg’s Nash Bargaining Solution 

 
 “In a transaction when the seller and the buyer value a product differently, a surplus is created. A 

bargaining solution is then a way in which buyers and sellers agree to divide the surplus… Formally, a 

Bargaining Solution is defined as,  

F : (X,d)  S,  
 

where X  R2 and S,d  R2 . X represents the utilities of the players in the set of possible bargaining 
agreements. d 

 

d represents the point of disagreement. In the above example1, price  [10,20], bargaining set is simply x + 

y  10, x  0, y  0. A point (x,y) in the bargaining set represents the case, when seller gets a surplus of x, 

and buyer gets a surplus of y, i.e. seller sells the house at 10 + x and the buyer pays 20  y.  
 

Assumption Bargaining Set X is convex and bounded. 

 
Garg illustrates the convexity of the bargaining function in the graph on the following page (Garg, 2002) 

 

 

 

                                                        
1
 Garg’s original example was illustrated by a house sale.  As the units of denomination were colloquial, we omit them here, however, 

for purposes of reference, they were denominated in units of 10 (the seller’s cost to build the house) and 20 (the seller’s favored asking 

price). The Nash bargaining problem (in this non-extensive form game) is then how to distribute the surplus (10).  Extensive Nash 

bargaining problems have a much more complex form as shown by Dagan et al. (2002). 
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3.1.1  Pareto Optimality 

 
 Garg illustrates the Pareto Optimality of this exchange as follows: 

 

 A Pareto Optimal solution is one in which none of the players can increase their 

payoff without decreasing the payoff of at least one of the other players.   A solution  is 
Pareto optimal iff  

 

  , i , s.t. ui( ) < ui( ), or i ui( ) = ui( ) 
 

where ui( ) is the utility function for player i at outcome .  
All points on the boundary of the Bargaining Set are Pareto Optimal solutions. In a 
bargaining situation, players would like to settle at a Pareto optimal outcome, because if 

they settle at an outcome which is not Pareto optimal, then there exists another outcome 

where at least one player is better off without hurting the interest of the other players. 

Pareto optimal solutions are not unique in most of the cases.  

Example. In the earlier example, x + y = 10 is a Pareto optimal frontier.  
 

3.1.2  Characteristics of Nash Bargaining Problems 

 
 Nash presented four defining axioms for the bargaining problem (Nash, 1950). They are invariance to 
affine transformation, Pareto optimality, independence from irrelevant alternatives and symmetry.  Garg 

illustrates these as follows (2002): 
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3.1.1.1 Invariant to affine transformations  

An affine transformation Ab : R
2  R2 is defined by a matrix A, and a vector b 

of the following form: 

 

Now the transformation can be defined as:  

Ab(x) = Ax + b 

A bargaining solution is invariant to an affine transformation iff  

A, b, if  F(X,d) = S, then F( Ab(X), Ab(d)) = Ab(S) 

3.1.1.2  Pareto Optimality 
F(X,d) should be a Pareto optimal solution.  

Any bargaining solution should be better off than the disagreement point.  

3.1.1.3 Independent from Irrelevant Alternatives 
     If S is the Nash bargaining solution for a bargaining set X then for any subset 

Y of X containing S, S continues to be the Nash Bargaining Solution. This 

axiom of  Nash is slightly controversial unlike the previous two axioms, since 

more alternatives give you better bargaining power.  However, this can be 

intuitively justified, by the following argument:  

     Let us say that the set Y has a NBS S' and S be another NBS of X (refer 

figure 2). Now S   Y, S  Y and S   X, S  X . In both the bargaining sets X 
and Y, both the options S, S' are available to the players. They should be 

expected to settle to the same outcomes. The presence of irrelevant alternatives 
in X should not influence the bargaining solution. Formally, if  

F(X,d) = S and Y  X  then S  Y , d  Y  F(Y,d) = S 

4  
5 Figure 2: Independence from Irrelevant Alternatives 
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3.1.1.4 Symmetry  
The principle of symmetry says that symmetric utility functions should ensure symmetric 

payoffs. Payoff should not discriminate between the identities of the players. It should only 

depend on their payoff functions. Put simply, symmetry implies the bargaining solution for 

region X = x + y  1, x  0, y  0, d = (0,0) , should be (1/2,1/2) as shown in figure 3. If 
both players have the same utility functions, then symmetry demands that both get equal 

payoffs.  

 

Figure 3: Symmetry 

Nash characterized the NBS and proved that there is a unique solution satisfying the 

axioms given by Nash.  

Theorem: If a tangent is drawn to the curve defining the boundary of the bargaining set at s - the Nash 

bargaining solution, it intersects the lines parallel to the axes and passing through the disagreement point 

(d) at points r and t. Then s = (r+t)/2 .  

 
Figure 4: The bargaining solution s = (r+t)/2 

 

Proof: Let d = (d1,d2) where d1 and d2 are the utilities of the two players in the event of disagreement. The 

bargaining problem is shown in Figure 4. Let S be a Pareto optimal point of X such that it is the midpoint 
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of the line joining the points r and t. We will prove that S is a NBS of (X,d).  

Lets define an Affine Function Ab where: 

 

 

Figure 5:  

It is easy to see that : 

Ab(d)  (0,0),   

Ab(r)  (0,1),    

Ab(t)  (1,0), and  

Ab(s) = ( ½ , ½ ) 

 

Let Y = {(x1,x2):x1 + x2  1, x1  0, x2  0}. Note that Ab(s) is a NBS for (Y,0). Also, Ab(X)  Y (Since X 

is convex), (0,0)  Ab(X) , Ab(s)  Ab(X) . 

By Independence from irrelevant alternatives, Ab(s) is a NBS for ( Ab(X), Ab(d))  

Therefore, s is a NBS for (X,d) , and  

  S = r +t 

          2 
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3.1.2 Generalized Characteristics of Nash Bargaining Solutions (Garg) 

 
 For the generalized solution of the Nash bargaining problem, Garg suggests dropping the symmetry 

axiom.   This greatly simplifies the solution and gives us s= r+ t where  and  are bargaining powers of 

the two players, and +  = 1 (Garg, 2002).  The purpose of this simplification is to develop an extensive 
form of the bargaining problem which Garg describes here as the “alternating offers game” and which 

Mishra, Garg and Veeramani in their model of eBay like transactions, “An ascending price auction for 

Producer-Consumer Economy” (2002).  Garg explains the alternating offers game as follows: 

 

In this game, two players bargain to settle on a price. First of all player 1 makes an offer 

to player 2. Player 2 can either accept or reject. If player 2 accepts the deal takes place, 
otherwise he incurs a discount on his utility and makes an offer to the player 1. The game 

continues like this until someone accepts the offer. Let u1(x) and u2(x), x  (0,1) be the 
utility functions of the two players. If agreement settles in time t at x*, their payoff will be 

( ( 1)
t u1(x

*), ( 2)
t u2(x

*) . The Subgame Perfect Equilibrium for this game is defined by 
x* , y* s.t. 

 

1u1(x
*) = u1(y

*) 

2u2(y
*
) = u2(x

*
) 

 

Player 1 offers x* and accepts any offer that is at least y*. Similarly player 2 offers y* and 

accepts anything that is at least x*. If 1 = 2 =  , then this is a symmetric game.  
 

Theorem: Nash Bargaining Solution is same as the solution to the symmetric alternating 

offers game in the limit  1 Define Nash product as,  
 

g(x) = (x1  d1)(x2  d2) 
 

To prove the theorem we use the following lemma.  

Lemma. NBS S of (X,d) is the unique solution S  X that maximizes the Nash product 
g(x). 

 

 
 

Let x*,y* correspond to the solutions of the alternating offers game. Now,  

 

u1(x
*) = u1(y

*), 

u2(y
*) = u2(x

*). 
 

Now,  
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In the figure, the curve facing outward is the curve for g(x) = k, where k is a constant. 
The farther we shift the curve from the origin, more value it attains. Hence in the limiting 

case, the value of g(x) is maximum when it barely touches the convex curve, i.e. x* = y*. 

In the limiting case, when  is close to 1, x* = y*. Therefore x* maximizes g(x) and x*  

X .  

Hence,  

 x* is Nash Bargaining Solution for (X,d).  

 
Figure 7: Correspondence with Repeated Game Bargain 

 

4.0  Other forms of the Nash Bargaining Problem 
 
 The Nash bargaining problem is extremely complex and in the absence of a constructive proof, always 

requires some measure of simplification in order to arrive at constructive results.  Dagan et al (2002) derive 

a much more complete form of the Nash bargaining problem in order to use it to reconstruct monotonic 

price formation.  They introduce “twisting” as a mild form of the monotonicity condition (their 

construction is generally of “weak form” constraints
2
).   In this case: 

 

 Let (S,d) be a bargaining problem and let (ŝ1, ŝ2) ε f (S,d).  Let (S’,d) be another 

bargaining problem such that for some agent,  i  = 1, 2 

 

 
 Twisting is a mild monotonicity condition, which was introduced (in its 

single valued version) by Thomson and Myerson (1980) who also showed that it 

is implied by IIA. Twisting is satisfied by most solutions discussed in the 

literature. 

                                                        
2
 Note, that the use of weak form Pareto optimality or other weak form constraints does not mean that the proof is weak or that  the 

arguments are weak, this is simply a measure of the boundedness of the constraint and a formal property of the proof. 
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 The point of introducing Dagan et al.’s example here is simply to illustrate how these concepts have 

been explored in the literature.  The Dagan  treatment goes on to include examples from Van Damme et al. 

which use similar treatments.  In short, most experts on Nash equilibrium (see Von Stengel, 1997; and 

McLennan, 1998, etc.) have also developed a treatment of the Nash bargaining problem.  Cierpal and 

Ramsey (2006), for example, provide and interesting mechanism for illustrating the extensive form of 

multiple iteration Nash bargaining problems in their consideration of a stepwise correlated equilibrium 
based on the recursive solution of “appropriately defined” Nash bargaining problem in order to demonstrate 

where an iterated bargaining problem should stop.  Because the problem itself is inherently complex, many 

of these treatments have interesting idiosyncratic treatments.  We have simply chosen one of the more 

general and easy to follow (e.g. Garg, 2002) in order to illustrate the properties of the problem. 

 

5.0  The Limitations of Various Proposed General Solutions to the Nash Bargaining 

Problem 

 
 Much like the Nash equilibrium, the Nash bargaining problem is a complex existence proof in polytope 

decision space rather than a constructive proof.  Nash himself alluded to this difficulty in his early 

treatment of cooperative games (Nash, 1953), indicating that the n-player solution was beyond the scope of 

his analysis.  In the generalized treatments of the Nash bargaining problem discussed above, and indeed, in 

the treatment of the problem in general, achieving a rich solution basin always involves relaxing one or 

more of the characteristic assumptions of the original problem-solution configuration proposed by Nash.  In 

fact the more constraints which are relaxed, the richer the solution basin.  While this may seem a trivial 
observation, again the situation is a bit more complex than it may initially appear to be.  One of the reasons 

we chose Rahul Garg’s exposition of the Nash bargaining problem is not only because it exhibits the 

highest degree of expositional clarity, but also because in arriving at a generalized solution he is explicit in 

his relaxation of the symmetry constraint.  This provides a rich, well-defined and clearly bounded solution 

set, but does so at the expense of some relaxation of one of the strongest constraints upon the problem.  To 

his credit, Garg does this explicitly.  Other authors frequently ignore these “intermediate” steps in treating 

the Nash bargaining problem, concluding that in the end, Nash’s problem is simply a description of 

traditional macroeconomic pricing theory.  Other authors claim to have solved the problem. But they use 

different axioms, raising the very real question as to whether it is then the Nash bargaining problem that 

they have solved (Kalai and Smorodinsky, 1975).  At present, while there are approximations to solutions 

of the Nash bargaining problem, there appears to be no comprehensive general solution that does not 

involve either some relaxation of the original constraints imposed by Nash in structuring the problem or 
some fundamental restatement of the problem itself, allowing a solution, but not necessarily a solution to 

the problem originally posed by Nash. 

 

6.0  Huberman and Hogg’s Realizable Quantum Nash Equilibrium 

 
 In our 2006 (Fellman and Post, 2006) review of quantum Nash equilibria, we characterized the QNE 

which emerges from their AT&T laboratories experiment as a “realizable” quantum Nash equilibrium.  

Because this case can be performed and replicated under laboratory (and field) conditions, it partakes of 

both the characteristics of quantum computing as well as the more abstract nature of quantum 

electrodynamic theory.  We explained their Schema as follows: 

 

 Perhaps the most interesting area for the study of quantum Nash equilibria is 

coordination games.  Drawing on the quantum properties of entangled systems quantum 
coordination games generate a number of novel Nash equilibria.  Iqbal and Weigert 

(2004) have produced a detailed study of the properties of quantum correlation games, 

mapping both invertible and discontinuous g-functions and Non-invertible and 

discontinuous g-functions (as well as simpler mappings) arising purely from the quantum 

coordination game and not reproducible from the classical games. 

 Of possibly more practical interest is Huberman and Hogg’s study (2004) of 

coordination games which employs a variant of non-locality familiar from the EPR 

paradox and Bell’s theorem (also treated in detail by Iqbal and Weigert) to allow players 

to coordinate their behavior across classical barriers of time and space (see schematic 
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below).  Once again, the mathematics of entangled coordination are similar to those of 

the PQ quantum coin toss game and use the same kind of matrix which is fully elaborated 

in the expression of quantum equilibria in Hilbert space. 

 

 The construction of Huberman and Hogg’s quantum game coordination mechanism is depicted below.  

Like Huberman and Hogg, we assumed that this schema would produce quantum Nash equilibrium results 
for a classical two-player game.  The illustrative game used in this case was rock-paper-scissors (see Egnor, 

1999 and Billings, 2003), a game of particular hidden complexity (see Sato, Akiyama and Farmer, 2002). 

 In this case, we expected, as did Huberman and Hogg, that the payoffs, for this quantum rock-paper-

scissors game would be twice those expected for the classical game and absent quantum decoherence 

(Flitney, 2005) would have a quaternionic structure (Landsberg, 2004, 2006).  However, what is 

particularly unusual about this particular game, is that, in a supposedly non-cooperative game, the 

introduction of quantum communication (see next page) actually turns this into a hybrid form of 

cooperative and non-cooperative game.  This means that while the quantum solution for the payoff to the 

two cooperating players is now .66 or, in total equal to twice the value of the classical payoff, there is no a 

priori reason to assume that the payoffs will be distributed between the two competing players equally.  

What has happened here, is that the increased payoff generated by quantum communication has now 

generated a Nash bargaining problem for the surplus payout of .33 
 

 
 Above) Huberman and Hogg’s entanglement mechanism.  In a manner similar to the experimental devices used 

to test Bell’s theorem, two entangled quanta are sent to different players (who may receive and measure them at 

different times) who then use their measurements to coordinate game behavior. (Huberman and Hogg, 2004). 
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7.0  The Complexity of the Quantum Nash Bargaining Problem 
 

This new Nash bargaining problem is considerably more complex than it may first appear.  It can simply be 

subsumed as a classical two-player Subgame of either the cooperative or non-cooperative species due to its 

special information sharing characteristics (conveyed by quantum entanglement).  Nor does it fit the 

classical “Roshambo” pattern where strategies such as Iocaine Powder are able to dominate the classical 

Nash equilibrium in iterated play (Egnor, 2001).  In the normal form game, this is, at this time, no extant 

solution to the problem.  The extensive form game, while more complex, may offer some possibilities of 

convergence towards asymptotic payoffs, but even that is problematic as Sato, Akiyama and Farmer’s 2002 

study demonstrated, by illustrating the complexities of learning Nash equilibrium in precisely the simple 

rock-paper-scissors game which Huberman and Hogg chose for their illustration of quantum 

communication (i.e. via entangled pairs) leading to a quantum Nash equilibrium.  The Sato, Akiyama and 

Farmer study found significant elements of non-convergence including complex Hamiltonian dynamics 
driven by the strange attractor of Henon, chaotic transients and no characteristic basin of attraction (Sato, 

Akiyama and Farmer, 2002).  Unlike solutions suggested in the classical literature (which have their own, 

previously mentioned limitations) there is no obvious Subgame perfect equilibrium in the extensive form 

alternating game. 

 

8.0  Conclusion 
 
 There remains a great deal of research to be undertaken in the area of quantum Nash equilibria, and 

this is doubly true for the more difficult area of the quantum Nash bargaining problem.  Solutions to this 

problem may be NP hard (Sato et al, 1999, 2001). 3 The quaternionic structure of quantum Nash 

equilibrium problems suggests that the solution of the quantum Nash bargaining problem may require a 

quantum computational calculation of the path integrals for all four quaternions, suggesting a topological 

space considerably larger than the conventional four dimensional Minkowski manifold.  While such 

calculations are presently beyond the scope of the limited quantum computers now available, the nature of 

the problem suggests some new theoretical directions for exploration as well as indicating some interesting 

areas for future research.4 

 

 
 

 

 

 

 

 

 

                                                        
3
 Kempe et al, in “Entangled Games are Hard to Approximate” suggest in their abstract that “We establish the first hardness results for 

the problem of computing the value of one-round games played by a verifier and a team of provers who can share quantum 

entanglement. In particular, we show that it is NP-hard to approximate within an inverse polynomial the value of a one-round game 

with (i) quantum verifier and two entangled provers or (ii) classical verifier and three entangled provers. Previously it was not even 

known if computing the value exactly is NP-hard. We also describe a mathematical conjecture, which, if true, would imply hardness 

of approximation to within a constant.  We start our proof by describing two ways to modify classical multi-prover games to make 

them resistant to entangled provers. We then show that a strategy for themodified game that uses entanglement can be “rounded” to 

one that does not. The results then follow from classical inapproximability bounds.  Our work implies that, unless P = NP, the values 

of entangled-prover games cannot be computed by semidefinite programs that are polynomial in the size of the verifier’s system, a 

method that has been successful for more restricted quantum games. http://arxiv.org/PS_cache/arxiv/pdf/0704/0704.2903v2.pdf 
4
 Nash (1953) himself notes that, “In Theory of Games and Economic Behaviour a theory a theory of n-person games is developed 

which includes a special case of the two person bargaining problem.  But the theory developed here makes no attempt to find a value 

for a given n-person game, that is, to determine what it is worth to each player to have the opportunity to engage in the game.  This 

determination is accomplished only in the case of the two-person, zero sum game.” 

http://arxiv.org/PS_cache/arxiv/pdf/0704/0704.2903v2.pdf
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