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We present a network model, in which the connection probability of two nodes depends on the
physical distance between them. In this model, the typical small-world features demonstrated by
the WS model occur. The edge length distribution is shown to be in a power law form, which is
different from that derived from the rewiring mechanism of the WS model. We believe that the
present network model provides a transparent picture for the physical origin of small world behaviors
of some realistic networks.
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Complex networks describing the underlying topologi-
cal structures of many real-world systems in both nature
and society have recently become a subject of intensive
investigation. Much attention has been paid to the study
of self-organized principles responsible for the networked
structures. Based on the accumulating empirical data
collected from the real-world systems, such as Internet
[1], food webs [2], protein networks [3], and social net-
works [4], many theoretical models have been proposed,
by which some typical topological structures of complex
networks are revealed [5].

Small-world phenomenon turns out to be one of the
most universal topological features of networks [6]. The
first discovery that the social network takes the form of
small-world construction was reported by the psycholo-
gist Stanley Milgram in the 1960’s [7]. Their experiment
showed that people could find some short paths to pass a
message to another distant people by whomever of their
shared acquaintances, which indicated that the average
length of such specific paths was small. In addition, the
fact has been verified on an e-mail network by Dodds
et al. [8]. It is now well accepted that, in addition to
small characteristic path length, small-world construc-
tions should be highly clustered. A prominent model
[WS model] to yield the small-world construction was
proposed by Watts and Strogatz in 1998 and is thus re-
ferred as [9], where the edges are randomly rewired with
a small uniform probability p based on a regular network.
Here, we should mention the NWS model [10] that is an
important variant of the WS model, in which a small
number of edges are directly added to set up connections
between randomly chosen pairs of nodes without removal
of edges from the regular network. This model has an ad-
vantage in preventing the formation of isolated clusters,
which is possible in the original WS model. These two
models exhibit the small-world features very well, thus
are applied in the study of various behaviors and pro-
cesses on small-world networks.

Although the WS and NWS models are heuristic, it
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is clear that their mechanism to set up long-range con-
nections in a static network is arbitrary. The two mod-
els show that the small world effect comes from a small
amount of short cuts. However, with respect to realis-
tic networks, physical origins of small world construc-
tion still remain unclear. As a matter of fact, a vast
number of networks are embedded in a physical space,
which presents a distance between nodes. The physical
distance, or usually the Euclidean distance between the
nodes is believed to play an important role in the forma-
tion of topological structures in some cases such as the
Internet, the electrical, the postal, and the transport net-
works. Therefore, for networks in Euclidean space there
actually exist two distances: graph distance and physical
distance. The latter is also called edge length. Appar-
ently, connecting every nodes together will result in a
network with a minimal graph distance, but, at the same
time, a maximal total edge length. Using the rewiring
mechanism of the WS model in the distance space still
gives birth to a small world network, whose distribution
of rewired edges length is uniform over the entire length
scale range. However, by this manner, the network is of
high cost because of no constraint exercising on the edge
length. Measuring the cost of the network by the physi-
cal distance and taking into account the competition be-
tween high connectivity and low cost, an optimized net-
work [11] was created and shown to be of typical small
world features. Additionally, it uncovered that the dis-
tribution of edge length follows a power-law form.

The small world networks are closely related to the out-
come of optimization between network’s connectivity and
consumption of natural resources in the distance space.
In fact, complex networks consisting of a large number
of components are self-organized under some microscopic
principles. Thus, a question, what kind of microscopic
principle will lead to the optimal networked structure,
naturally arises. To answer the question is of consider-
able significance for a full understanding of the physi-
cal origin of the small world features. In this paper, we
propose a general network model in the distance space,
where typical features of the WS model and the optimal
small world network with low cost and high connectivity
occur.
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FIG. 1: The characteristic path length L(α) and the clustering
coefficient C(α) for the network with N = 10000 and m = 4.
For convenience, both L(α) and C(α) are normalized by the val-
ues L(∞) and C(∞) corresponding to the regular lattice, i.e.,
Lr(α) = L(α)�L(∞) and Cr(α) = C(α)�C(∞). Inset: the ratio
Cr(α)/Lr(α) is displayed.

We start from a one-dimensional lattice of N nodes
with periodic boundary condition (i.e., a ring of nodes),
in which each node is initially independent; then we ran-
domly select a node to connect with m different nodes to
set up m edges by means of the connecting probability
defined as follows

Π(dij , α) =
d−α

ij∑
j 6=i

d−α
ij

(1)

with

dij = min {|ni − nj | , (N − |ni − nj |)} (2)

where the sum in the denominator of Eq. (1) goes over
all nodes in the system except for the ith node itself, and
α is a continuously varying parameter. The distance dij

between the ith node and the jth node is defined by Eq.
(2), in which ni and nj represent the positions of the
ith node and the jth node respectively, and N denotes
the total number of the nodes. Repeating the opera-
tion introduced above till all the N nodes, a network is
then formed. We note that, in this process, the duplicate
edges, i.e., from the ith node to the jth node and from
the jth node to the ith node, is viewed as a single edge.

For α > 0, one can obtain a family of networks by
varying the exponent α from zero to infinity. Obviously,
in the case of α = 0, the model recovers the random
model, where the linking probability between any two
nodes is Π = 1� (N − 1), being independent of the dis-
tance. Whereas, as α → ∞, pairs of the nearest neigh-
boring nodes will be connected with probability Π = 1
and the others with probability Π = 0, leading to a reg-
ular network. Thus, by varying the exponent α one can
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FIG. 2: (a) The characteristic path length L as the function
of network size N for different values of α. (b) The clustering
coefficient C versus N for various values of α. Both characteristic
plots are for the networks m = 4.
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FIG. 3: Variation in the characteristic path length L with α,
normalized by the corresponding value of regular network. The
plot is for the networks with m = 4 and N from 100 to 10000.

continuously modulate the networks’ constructions from
randomness (α = 0) to order (α →∞).

In order to grasp transition of the structures, we in-
vestigate the behavior of the characteristic path length
L (α) and the clustering coefficient C (α) of the model.
Here, the definitions of L(α) and C(α) are made use of
those in the WS model [9]. We can observe from Fig.
1 that as α increases both C(α) and L(α) tend to grow,
but there exists a small interval of α over which L(α) still
remains close to L (0), yet C(α) grows very rapidly. A
common feature of a random network and a small world
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FIG. 4: Log-log plot of the edges length probability distribution
Φ(d) for different values of α: (a) α = 10.0, (b) α = 2.0. (c)
Combined plot of the probability distributions of the edges length
for various values of α. (d) Variation in the power-law exponent δ
with α. Each scaling exponent δ is obtained from the linear fit to
the data. All the characteristic plots are obtained for the network
with N = 10000 and m = 4.

one is that they both have a small characteristic path
length. However, the clustering coefficient of the small
world network is much larger. Therefore, the behavior in
the interval clearly exhibits a structural transition from
the random network to the small world one. For small α,
the network has a small characteristic path length, but
it is poorly clustered. As α increases continuously, the
length and number of long-range connections are gradu-
ally constrained, resulting in that the short cuts of a cer-
tain node become more and more clustered in the vicinity
of the node. The clustering coefficient thus gets a sharp
increase. At the same time, it can be seen that reduction
of a certain amount of long-range connections only causes
a very slow increase of the characteristic path length of
networks. The network still keeps a few amount of long-
range connections, which maintains a small average dis-
tance of the network in the interval. To determine a best
value of α for small world effect, the ratio Cr(α)�Lr(α)
is calculated and shown in the inset of Fig. 1, where a
maximum value of the ratio appears at α ≈ 2.

Another striking feature of small world networks is that
the characteristic path length increases logarithmically
with the network size [5, 6]. But for a regular network,
it increases linearly with network size. Fig. 2(a) shows
that when α is much smaller than 1 the characteristic
path length L is almost independent of N . Starting from
α = 1, a change from L ∼ lnN to L ∼ N occurs with the
increasing of α. Obviously, this is a crossover behavior
[12], exhibiting a slow transition from small-world region
to large-world one. The behaviors of the clustering coeffi-

cient C(N) is also calculated for different values of α. As
shown in Fig. 2(b), when α is small, C decreases with N ,
similar to that of random networks. But it can be seen
that as α becomes large C will gradually get rid of any
dependence of N , reaching that of regular networks. In
addition, the transition region from small-world to large-
world is found to be dependent on network size N . We
demonstrate this in Fig. 3. It can be seen that the char-
acteristic value of α for the transition increases as the
system size N becomes large. The occurrence of typical
small-world features is actually dependent on the system
size.

The original WS model is built in an abstract space.
Some important features of small world networks in re-
alistic space are thus lost in the model because of lack of
various constraints on the edge length. Empirical data
provide evidence that the edge length distribution de-
viates from that derived by the rewiring mechanism of
the WS model [13]. Usually, a small characteristic path
length implies a high connectivity, and as a result, an effi-
cient transmission of information. The WS model shows
that a small characteristic path length is guaranteed by
a certain amount of long-range connections. However,
on the other hand, more long-range connections lead to
higher building cost of networks. They are conflicting
goals for modelling networks in distance space, which
lead to taking into consideration of the trade-off between
high connectivity and low cost [11]. Undoubtedly, to pro-
vide deeper insight into the origin of small world network,
the underlying mechanism is also of great importance
from the microscopic point of view. In the above sec-
tions, we demonstrate that the present model displays
the typical features of the original WS model. Distinc-
tively, in Figs. 4(a)-4(c), it is shown that the distribution
of edge length is in a power law form for a wide range
of parametrical values. In addition, we have the varia-
tion of the scaling exponents [see Fig. 4(d)]. It can be
seen that the distance-dependent connecting probability
in Eq. (1) exercises a constraint on the edge length, and
thus causes its distribution deviating from the uniform
one. However, it is rather unexpected that the distri-
bution coincides with that obtained from the optimized
network model.

To summarize, we have presented a general network
model that can be modulated from a random network
to a small world one and then to the regular one in dis-
tance space. The small world region is well defined and
its change with the increase of system’s size is clearly
illustrated as well. In our model, we have introduced
a distance-dependent connecting probability and found
that the edge length distribution is in a power law form,
which is in agreement with that of the optimized network.
Therefore, we believe we have provided a microscopic pic-
ture that is helpful for the understanding of the physical
origin of small world networks.
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