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Abstract: For many systems characterized as\complex" the patterns exhibited on
di®erent scalesdi®er markedly from oneanother. For example the biomassdistribution
in a human body \lo oks very di®erernt" depending on the scale at which one exam-
ines it. Conversely, the patterns at di®erert scalesin \simple" systems (e.g., gases,
mountains, crystals) vary little from one scaleto another. Accordingly, the degrees
of self-dissimilarity between the patterns of a system at various scalesconstitute a
complexity \signature" of that system. Here we presert a novel quanti cation of self-
dissimilarity. This signature can, if desired, incorporate a novel information-theoretic
measure of the distance between probabilit y distributions. Whatever distance mea-
sure is chosen, our quanti cation of self-dissimilarity can be measuredfor many kinds
of real-world data. This allows comparisons of the complexity signatures of wholly
di®erert kinds of systems(e.qg., systemsinvolving information density in a digital com-
puter vs. speciesdensities in a rain-forest vs. capital density in an econony, etc.).
Moreover, in contrast to many other suggestedcomplexity measures, evaluating the
self-dissimilarit y of a system doesnot require oneto already have a model of the system.
These facts may allow self-dissimilarity signatures to be used as the underlying obser-
vational variables of an eventual overarching theory relating all complex systems. To
illustrate self-dissimilarity we presert seweral numerical experiments. In particular, we
show that underlying structure of the logistic map is picked out by the self-dissimilarity
signature of time series' produced by that map.
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1.1 Intro duction

The seart for a measurequartifying the intuitiv e notion of the \complexity" of
systemshas a long history [1, 4]. One striking aspect of this seard is that for
almost all systemscommonly characterizedascomplex, the spatio-temporal pat-
terns exhibited on di®eren scalesdi®er markedly from one another. Conversely
for systemscommonly characterized as simple the patterns are quite similar.

The Earth climate systemis an excellert illustration, having very di®eren
dynamic processesoperating at all spatiotemporal scales,and typically being
viewed as quite complex. Complex human artifacts (e.g., large-scaleengineering
projects) also share this property. Conversely the patterns at di®erent scales
in \simple" systemslike gasesand crystals do not vary signi cantly from one
another. It is the selfsimilar aspectsof simple systems,asrevealedby allometric
scaling, scaling analysis of networks, etc. [5], that re°ects their simple nature.
Sudh self-similarity allows the pattern acrossall scalesto be compactly encaded
for simple systems,unlike the pattern for complex systems.

Accordingly, it is the self-dissimilarity (SD) betweenthe patterns at various
scalesthat constitutes the complexity \signature" of a system [8]. Intuitiv ely,
such a signature tells us how the information and its processing[2] at one scale
in a systemis related to that at the other scales. Highly di®erert information
processingat di®erern scalesmeansthe systemezciently encals the processing
into its dynamics. In cortrast, having little di®erencebetweenthe various scales,
i.e., high redundancy; is often assiated with robustness.

The simplest version of suc a signature is to reduceall of the patterns to a
single number measuringtheir aggregatedissimilarity. This would be analogous
to convertional measureswhich quartify a system's\complexity" or whether it
\is alive" as a single number. We can use richer signatures howewer, e.g., the
matrix of dissimilarity values between all pairs of patterns at di®eren scales.
More generally, say we have a dissimilarity measurethat can be usedto quantify
how \spread out" a set of more than two patterns is. Then we can measurethe
spread of triples of scale-indexedpatterns, quadruples, etc. In suc a situation
the signature could be a tensor, (e.g., a real number for ead possibletriple of
patterns), not just a matrix.

SD signaturesmay exploit model-basedunderstanding about the systemgen-
erating a data set of spatio-temporal patterns (for example, to statistically ex-
tend that data set). However they are functions of suc a data setrather than of
any model of the underlying system. Soin contrast to someother suggesteccom-
plexity measures,with SD one doesnot needto understand a systemand then
expressthat understandingin a formal modelin order to measureits complexity.
This is important if one's complexity measureis to sere as a fundamertal ob-
senational variable usedto gain understanding of particular complex systems,
rather than as a post-hoc characterizer of such understanding.

Indeed, oneapplication of SDis to (in)validate modelsof the systemthat gen-
erated a dataset, by comparing the SD signature of that datasetto the signature
of data generatedby simulations basedon those models. Model-independence
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also meansthat the SD complexity measurecan be applied to a broad range of
(data setsassaiated with) systemsfound in nature, thereby potentially allowing
us to compare the processeaunderlying those types of systems. Such compar-
isons need not involve formal models. For example, SD signature provides us
with machine learning features synopsizing a dataset [3]. These features can
be clustered, thereby revealing relationships between the underlying systems.
We can do this even when the underlying systemslive in wholly di®eren kinds
of spaces,thereby generating a taxonomy of \kinds of systems"that share the
samecomplexity character. SD signatures can also serne as supervised learning
predictor variablesfor extrapolating a dataset (e.g., into the future). In all this,
SD signaturesare \complexit y-based" analoguesof traditional measuresusedfor
these purposes,e.g., power spectra.

The rst formalization of SD was in [8]. This paper begins by motivating
a new formalization. We then presen seweral examplesof that formalization.
We end by illustrating SD analysis with seweral computer experiments 1. In a
fuller version of this paper we presert more examples,and discussinformation
theoretic measuresof dissimilarity betweenprobability distributions [9].

1.2 Formalization of self-dissimilarit vy

There are two fundamertal stepsto constructing the SD signature of a dataset.
The “rst step is to quantify the scale-degndert patterns in the dataset. We
want to do this in a way that treats all scalesequally (rather than taking the
pattern at one scaleto be what's \left over" after tting the pattern at another
scaleto a data set, for example). We alsowant to minimize the a priori structure
and assa@iated statistical artifacts introduced in the quanti cation of the pat-
terns. Accordingly, we wish to avoid the use of arbitrary bases,and work with
ertire probability distributions rather than low-dimensional synopsesof suc
distributions. The secondfundamental stepin forming a SD signature is numer-
ically comparing the scale-degndert patterns, which for us meanscomparing
probability distributions. We illustrate thesestepsin turn.

1.2.1 Generation of scale-indexed distributions

1) Let g° be the elemern in a space Qg whose self-dissimilarity interests us.
Usually g° will be a data set, although the following holds more generally.

2) Typically there is a set of transformations of g° that we wish our SD measure
to ignore. For example,we might want the measureto give the samevalue when
applied both to an image and to a slight translation of that image. We start by
applying those transformations to ", thereby generating a set of elemeris of Qq
\cleansed" of what we wish to ignore. Formally, we quartify suc an invariance
with a function g that mapsany gy 2 Qg to the set of all elemens of Qg related

1Here we concertrate on SD analysis of spatial data arrays and the logistic map, but it can
also be applied to data set typesranging from symbolic dynamics processesto systems that
are not \spatio-temp oral" in the conventional sense,lik e networks.
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by our invariance to that qo. Working with the ertire set g(g°) rather than a
lower-dimensionalsynopsisof that setavoids intro ducing statistical artifacts and
the issueof how to choosethe synopsizingfunction.

3) In the next step we apply a seriesof scale-indexedtransformations to the ele-
merts in g(q°) (e.g., magni cations to di®erer powers). The choice of transfor-
mations will dependon the precisedomain at hand. Intuitiv ely, the scale-indexed
setsproduced by thesetransformations are the \patterns" at the various scales.
They re°ect what oneis likely to seeif the original q” were \examined at that
scale", and if no attention were paid to the transformations we wish to ignore.
We write this set of transformations as the p-indexed set W, : Qo 7! Q1 (M is
the generalizednotion of \scale"). Soformally, the secondstep of our procedure
is the application of W, to the elemens in the set g(g”) for many di®erent p
values. After this step we have a p-indexed collection of subsetsof Q;.

Note that we again work with full distributions rather than synopsesof them.
This allows us to avoid spatial averaging or similar operations in the W, and
thereby avoid limiting the typesof Qo on which SD may be applied, and to avoid
intro ducing statistical biases.

4) At this point we may electto usemadine learning and available prior knowl-
edge[3] to transform the pattern of ead1 scale|] aset| into asingleprobability
distribution, p". This last step, which we usein our experimernts reported below,
can often help us in the subsequeh quanti cation ofthe dissimilarities between
the scales'patterns. More generally, if one wishesto introduce model-based
structure into the analysis, it can be donethrough this kind of transformation. 2

1.2.2 Quantifying dissimilarit y among multiple probabil-
ity distributions:

Applying the preceding analysis to a g° will give us a collection of sets,
fWylg(g°)lg, one sudh set for ead value of i All elemernts in all those sets
livein the samespace,Q;. It is this collection asa whole that characterizesthe
system's self-dissimilarity.

Note that di®erert domainswill have di®erert spaceQ;. Soto beableto use
SD analysisto relate many di®erert domains, we needto distill eady domain's
collection fW,[g(g")]g, consisting of many subsetsof the ass@iated Qq, into
valuesin somecommon space. In fact, often there is too much information in
a collection of Q; valuesfor it to be a useful way of analyzing a system; even
when just analyzing a system by itself, without comparing it to other systems,
often we will want to distill its collection down to a set of real numbers.

Since what we are interested in is the dissimilarity of the subsetsin any
sudh collection, the natural choice for such a common spaceis one or more real
numbersmeasuringhow \spread out" the subsetsin any particular collection are.
More precisely at a minimum we want to usethis measure¥zboth to quantify the

2Machine learning may also arise when we do not know g° directly , but instead have a data
set D and a likelihood function for D. Ultimately , we are interested in the expected value of
our self-dissimilarit y signature given the that data.
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aggregatedissimilarity of the ertire collection, and to quantify the dissimilarity

between any pair of subsetsfrom the collection. One natural way to do this

is to use a \multimetric", which takesan arbitrary number of argumerts, and

reducesto a corvertional metric for two metrics [7]. Howewver other measures
cansometimesbe used,e.g., somenovel measuredasedon information-theoretic

argumerts about distance betweenprobability distributions [9].

1.2.3 Example

As an example, say that Qg is the spaceof symbolic time series' over some
alphabet. Say we wish our measureto ignore a set of translations of suc a series
in time. Soif g" = f (t) then g(q°) isthe setff (tj t1);f (tj t2); ¢¢¢g wheret; are
translation vectors. Let ead prepreserts a setof n vectorsfv; (1) 2 X g. Wy (o)
is the n-vector \stencil" (go(V1(W); G(V2(W); ¢t (vn (W)). Then we could have
%be any distance measureover sets of vectorsin Q; = R". We can illustrate
this with two-point stencils, with v; = 0 for all y, and v, an integer varying
with 1. So our self-dissimilarity measurequarti es how the patterns of pairs of
points in f separatedby v, changeas one variesvs.

In this examplethe scale-indexeddistributions are Euclidean vectors, so we
can even measuretheir dissimilarity with L, distance. An alternative is to use
Jensen-Shannordistance for %2 In this caseour SD measureis an information-
theoretic quanti cation of how time-lagged samplesof the time-seriesq, di®er
from ead other asthe lag size changes. Having n > 2 provides more nuanced
versionsof this quanti cation. Furthermore, other choicesof ¥2(described below)
allow it take more than two setsat onceas argumerts. In this case,Ytakesan
ertire set of time-lagged samples,including many time lags, and measureshow
\spread out” the menbers of that full setare.

These measurescomplement more cornvertional information-theoretic mea-
sures of how the time-lagged character of gy varies with lag size. A typical
such approac would evaluate the mutual information betweenthe symbol at a
random point in ¢y and the symbol k away, and seehow that changeswith k.
Sudh an approach comparessingletons: it seeshow the distribution of symbols
at a single point are related to the distribution of symbols at the single time-
laggedversion of that point. These new measuresinstead allow us to compare
distributions of n-tuples to one another.

1.3 Experiments

We illustrate the SD framework with two simple sets of computational exper-
iments. The datasets (i.e., the g's) in all the experimerts are functions over
either one-dimensionalor two-dimensional nite lattices. The SD analyseswe
employed were special casesof Ex. 3, using a square obsenation \window" of
width w to specify the W,,.

In our rst experiments our datasets were binary-valued (i.e., eah g was
a map from a lattice into B). Accordingly, the task of estimating eat scale's
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probability density, p*, simpli es to estimating the probability of sequenceof
w bits. For small w this can be done using frequency courts (cf. Ex. 3.). We
then useda modi ed bounding box multimetric[7 ]:
X ; ¢
PP 000) = | 1+ max plt;plt; coe (1.1)

wherepl is the i'th componert of the w-dimensional Euclidean vector p*. Since
it is a multimetric this measurecan give both the aggregateself-dissimilarity of
all distributions f ptg as well as distancesbetweenany two of the distributions.

The pairwise (matrix) SD signaturesof six datasetsare preseried in Fig. 1.1.
The integrals were all evaluated by Monte Carlo importance sampling. The
periodicity of the underlying data in Fig. 1.1(a),(b) is re°ected in the repeating
nature of the SD signature. The quasiperiodic dataset, Fig. 1.1(c) shows hints
of periodicity in its signature, and signi cantly greater overall structure. The
fractal-lik e object Fig. 1.1(d) shows little overall structure (beyond that arising
from "nite-data-size artifacts). Fig. 1.1(e),(g) shaw results for satellite images
which have beenthresholdedto binary values.

Clustering of these 6 datasetsis done by nding the partitions of (a), (b),
(c), (d), (e), (g) which minimize the total intra-group multimetric distance. For
2 clusters the optimal grouping is [(a)(b)(c)(e)(g)] and [(d)]; for 3 clusters the
best grouping is [(a)(b)(c)], [(d)], and [(e)(Q)]; for 4 clusters the best grouping
is [(@)(b)(c)], [(d)], [(e)], and [(9)]; and for 5 clusters the best grouping is [(a)],
[(P)(©)], [(d)]. [(e)], and [(9)]-

We also provide results for the time seriesgenerated by the logistic map
Xt+1 = rX¢(1j Xt), where asusual r is a parameter varying from 0 to 4 and
0- x{ - 1. Weiterated the map 2000times beforecollecting data to ensuredata
is taken from the attractor. For ead r-dependen time serieson the attractor we
generatea self-dissimilarity signature by taking g to be possibleinitial conditions
Xo, and W, to be a decimation and windowing, asin Ex. 3. W, acts on a real-
valued vector x = [X1;X2; ¢¢¢] to return a vector of length 3 whosecomponerts
are X1; X1+ u; X1+2 p Wherethe allowed valuesfor p are the positive integers. g and
W,, producepoints in R®. Note that in theseexperimerts ead p* is a probability
density function over R®. We estimated ead such p* by certering a zero mean
spherical Gaussianon every vector in the ass@iated W,[g(0p)], with an overall
covariance determined by crossvalidation. We again useda modi ed bounding
box multimetric [7] of Eq. (1.1) modi ed for continuous probability densities.
The resulting integral was evaluated by Monte Carlo importance sampling.

The aggregatecomplexity results are presened asthe solid red line of Fig. 1.2.
The results con' rm what we would like to seein a complexity measure. The
measurepeaksat the accunulation point and is low for small r (where there is a
“xed point) and large r (where the time seriesis random). Additional structure
is seenfor r > 3:57, paralleling the the bifurcation diagram of the logistic map.

To investigate the e®ectsof noise on the SD measurewe contaminated all
time seriesthe zero mean Gaussian noise having standard deviation of 0.001,
and applied the samealgorithm. The resulting aggregatecomplexity measureis
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Figure 1.1: Self-dissimilarity signatures of binary datasets. Blue indicates low dissim-
ilarit y (high similarit y), and red indicates high dissimilarity (low similarity): (a) the
repeating sequencel111100000,(b) the repeating sequencel111111000,(c) a quasi-
periodic sequence,(d) the cantor set. For eac of these datasets the aggregate dissim-
ilarit y of the assaiated scale-indexedset of distributions are 15.5. 13.9,50.3, and 2.4
respectively. All signatures were obtained using a window of length 9. The signatures
(f) and (h) are from the satellite images(e) and (g) over Baja California and Greenland
respectively. A 3x3 window was used for these two-dimensional images.

plotted asthe black dashedline of Fig. 1.2. The major featuresof the aggregate
SD measureare presened but with someblurring of ne detail.
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