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A. Proof of Theorem 2
We apply Blackwell’s Theorem (see Theorem 1) in a constructive fashion, namely we build stochastic

matrices M and M, such that RxM; =P and RxM, =Q; thus, constituting a sufficient condition

for proving the theorem.

P pl,nf AN ql,ng
p=| : 0= : :
Png1 Pns ,n)l,) dng) Clns ,ng
P 0 41 'Pl,ng ql,ng '.Pl,ng
R = QXP = .
Dok Prel A Py 4 0 P

0
y

0

Let M, and M, be two stochastic (Markov) matrices each having nf XN »

P
rows and n, or n

columns, receptively, constructed as follows:

o _
1
: 1st nf rows
1 0 0
010 0
010 0
M, = P
2nd ny rows
010 0
0 0 1
0 0 1
last n)})) rows
10 0 1]
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1o . . . 0]
0 0 0
1st ng rows
0 01
o . . . 0
u 0 0 0
27 2nd ng rows
0 1
0
010
: : last n)g rows
10 0 1]

It is easy to see that Rx M| =P and RxM, = Q. Hence, R is generally more informative than both Q

and P.

B. Proof of Theorem 3

In the proof, it is assumed that investment costs Cp and Cp are greater than zero. The confusion

matrices O(Cp) and R(Cp) have the following general form:

I 1-f(Cg) 1-f(Cy) ]
f(CQ) n—lQ C n—lQ
1-7(C) £(Co)
0Cg)=| "t
1= f(Cg)
1 f(Cp) |
flep e )
1-f(Cp)
= sew
R(CR) = ,
1= f(Cp) |
w1l f(Cr) |
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According to Blackwell's theorem [10], O(Cp) is more effective than R(Cp) if and only if there
exists a stochastic matrix M o With appropriate dimensions such that Q(Cp)-Mg =R(Cp). It is
sufficient to show that My = Q(CQ)71 -R(Cp) is a stochastic matrix while M p = R(CR)71 ‘0(Cp) 18
not. Since O(Cp) and R(Cp) have full rank, My and M p can be derived.

It can be verified that My and M p have the following general form (n=n, =ny):

[—14+£(Cp)+(n=1)-£(Cy) £(Co)-F(Cy) £(Co)-F(Cy)
~1+n-f(Cp) ~1+n-f(Cp) S ~1+n-f(Cp)
£(Co)-(Cy) 1+ /(Cg)+(n=1)- £(Cy)

My = —l+n- f(Cp) —1+n- f(Cp)
£(Co)-(Cy) 14 /(Co)+(n=1)- £(Cp)
—1+n-f(Co) ' o ~Ln-f(Co)

[~ 1+ f(Cp)+(n-1)- £(Cp) £(Cr)-f(Cy) £(Cr)-f(Cy)
~1+n- f(Cg) ~1+n- f(Cg) s ~1+n- f(Cg)
£(Cr)- f(Cp) 1+ f(Cp)+(n-1)- £(Cp)

M, = “1+n f(Cg) “1+n-f(Cg)
f(Cr)=£(Co) S+ /(CR)+ (=) f(Cp)
“l+n-f(Cy) ' o “l+n-f(C)

It is proved that M is a stochastic matrix by showing that all elements of M have values in the

interval [0,1] and that the sum of each row equals one. First, it is shown that the sum of each row is equal
to 1:

vi & My, - —1+f(Co)+(n-1)-f(Cg) .
j=1

(n—1) S(Cp)=f(CR) .
~1+n-f(Cyp) —I+n- f(Cp)

Next, it is shown that all the elements of M are positive:
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Co>Cr = [f(Co)>[f(Cpg)

U
~14+ f(Cp)+(n=1)- f(Cg) <~1+n-f(Cp)
U
—1+f(Co)+(n=-1)- f(CR)
Vi Qi —1Q+n.fn(CQ) - =(0D
. _S(Co)—f(Cg)
Vi#j MQU—Tf(CQ)G(O,D

Thus, M 0 is a stochastic matrix.
Now, it is shown that M p is not a stochastic matrix. It can be verified that the sum of elements in
each row of My is 1, and that all the diagonal elements of M p are positive. We show that the off-

diagonal elements of M j are negative:

Cr<Cp — [f(CR)<[f(Cy)

U

1+ f(Cr)+(n-1)- f(Cp)>-1+n-f(Cp)

U

vi oy _—1+f(CR)+("—1)'f(CQ)>1
l R = “1+n-f(Cp)
o f(Cr)-F(Cp)

\V/lij MR’] =Tf(CR)<O

Since Vi#j Mp; <0, Mp is not a stochastic matrix. Since M p is not a stochastic matrix and M is

a stochastic matrix, Q(Cp) is proved to be more effective than R(Cp) when Cp > Cp.

C. Proof of Theorem 4

Our result relies on the following useful lemma:

Lemma I: The matrices S; = PxR and S, = Rx P are equivalent in terms of their effectiveness.
Proof (Sketch): 1t is obvious that S| and S, consist of the same columns arranged in a different order.

However, permutations of the columns do not affect the effectiveness of the confusion matrix, since the

decision-maker needs only to permute the rows of the decision matrix accordingly.

We now prove Theorem 4. By applying Lemma 1, it is sufficient to show that PxQ(Cp) is more
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effective than PxR(Cp). Since Cp > Cp, by Theorem 3 Q(Cp) is more effective than R(Cp) . Thus,

according to Blackwell's theorem [10], there exists a stochastic matrix M with appropriate dimensions

such that O(Cp)-M = R(Cp) . The Cartesian products PxQ(Cp) and PxR(Cg) can be represented in

matrix form as follows:

AR O - 0 -« B 0 - 0 Q(CQ) 0 0
0 P : 0 P : 0 0OCp)
Pxo(Cp)=| . . . | .
2(Co) : .0 : 0 : . 0
0 0o P, -~ 0 - 0 P, 0 0 Q(CQ)
P, 0 - 0 - P, 0o --- 0 R(CR) 0 0
0 P : 0 P : 0 R(C :
PXR(CR): . 21 . . 2n . . . (R) . _
: .0 : 0 : . 0
0 0 P, 0 0 P, 0 0 R(Cp)
Py, O 0 B, 0 - 071[OCo)M 0 0
|0 By : 0 P, : 0 0(Co)-M B
B .0 3 0 : 0 N
_() e 0 Py o 0 e 0 p”n_ 0 0 Q(CQ).M
Py 0 0 B, 0 -0
|0 Py 0 P,
- 0 2 S0
|0 - 0 P, 0 0 P,
0Cp) O 0 M 0 0 M 0 0
0 0(Cp) 0 M 0 M :
0 : ~(Pxocp))] .
0 0 OCy) [0 0 M 0 0 M
U
M 0 0
y . |0 M :
(Px0(Co))-M* =PxR(CR) =  M*=| . :
0 0 M

Since M ™ is a stochastic matrix, according to Blackwell's theorem PxQ(Cp) is more effective than

PxR(Cpg). By applying Lemma 1 above, we conclude that O(Cp)x P is more effective than R(Cr)xP.
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D. Proof of Theorem 5

Let Q (respectively P) be a confusion matrix of size nSQ xmg (respectively n‘f) xmf ). Let

R =0Q®P be the doubly-Cartesian product of QO and P . The doubly-Cartesian process operates over the
. . _ Q Py.._ Q . P . .
set of object types in Sp = {(sl- ssi)ii=La,ng, j=L..ng } The doubly-Cartesian process classifies
. . Lo Py, o ._ P .
object types to one of the classes in Yp ={y;”,»; ):i=L..,ny,j=1..,n, [. Thus, the doubly-Cartesian

product has nSQ -nf rows and nyQ -nf columns.

The confusion matrices R, Q (respectively R, P) operate on different object types and, thus,
cannot be compared for their effectiveness (see Definition 1). In order to perform the comparison, the
confusion matrices Q and P will be represented by equivalent confusion matrices QE, P*

respectively, that operate on the same set of object types Sp:

q1,1 q1,2 q. 0
l,ny
q1,1 91,2 - 4
i ] L
E E :
q1,1 q12 9 o
Ly a2 g
92,1 52 g il
QE = ’ 1 n)g = :
q q q
qE qE qE nSQ 1 nSQ,2 nSQ,n)g
| n5 sl nVQ ng) 2 nSQ-nS ,n)g ] qan 1 anQ b anQ n)g
anQ 1 anQ,Z qnv ,n)g
I p11 b2 - PP ]
l,ny
Py P22 P, n)l,)
i E E :
P11 b12 p,.P
Ly pp, P2 " PP.P
E E ng > ng ,ny
pE _ P21 P22 P, n)l,) _| :
: P P2 |
PEQ P PEQ PEQ P P .
ng -ng 1 ng ng 2 ng ng ,ny P21 P22 P2 WP
- - My
_pnf,l pn5,2 pnf,n)}}) |

According to Blackwell's theorem, in order to prove that the confusion matrix R is more effective than

0% and PE | stochastic matrices M o and M p have to be found such that:

34



E E
PE=R-Mp,and 0F =R-M,.

The following equalities can be verified:

1 0 0
1 0 0
_ - 0 0
1 "2 rf 0 1 0
l,n)g-n)},)
2,1 rzEz rf 01 0
of =R-Mgy= ’ 1,nyQ.nf Do
: 0 1 0
I"E I"E I"E
nSQ-nfl nSQ-nv 2 nSQ-nf,n)g-n)},)
- 10 0 1
0 0 1
10 0 1]
(1 0 - 0]
o1 -0
 E E E 710
1 n,2 Vl or 1 0 - 0
Ny Ny
i ri rt o ! ;
PE=RM,=| ~ ’ &l o
. . . 0 0 1
E E .. E
nSQ-nf 1 nSQ-an nSQ-nf,n)g-n)},)
- -1 0
01 0
10 0 1]

Since M o and M p are stochastic matrices, the confusion matrix R is more effective than both QE and

PE

E. Proof of Theorem 6

Our result relies on the following useful lemma whose proof is similar to the proof of Lemma 1:

Lemma 2: The matrices §; = P®R and S, = R® P are equivalent in terms of their effectiveness.
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By Lemma 2, Q®P (respectively R®P) is equivalent to P®Q (respectively P®R). Thus, it is

sufficient to show that P®Q is more effective than P®R. Let QO and R be the following confusion

matrices operating on a finite set of object types S and finite sets of classes Y Q and Y respectively:

Op - - - Q9 0
l,ny
0= ,
Qns,l ”s’n)g
[ Ry, R |
> l,ny
R =
R R
ng,1 ng.ny

Let P be a confusion matrix operating on a finite set of object types S P and a finite set of classes ¥,

where SNS¥ =@

'R, . . . P p
> l,ny
P =
P . . . P
g

Let Q® and R® be:
0®=pP20

R® =P®R
According to Blackwell's theorem there exists a stochastic matrix M with appropriate dimensions such
that QO-M =R . The doubly-Cartesian processes Q® and R® can be represented in matrix form as

follows:
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(R, O 0 P, 0 0 ]
Ty
0 A, 0o P
’ 1L,n
0 : 0
0 0 A, 0 0 P, |00 0
) . oo o :
0®=(P®Q)=| : o o
P 0 - 0 - P,, 0 0 : :
n 1 n ’"y 0 0
0 f; 1 0 f;P nP
. . 5oy
0 : 0
0 0 P 0 0 P
n, 1 "P,"?
L sy
; 0 0 0 0 |
LI l,nP
v
0 B 0
? 1,n
0 0
0 0 Ay 0 0 0 0
9 Ln
. . . 0 R :
R®:(p®R): : : N N - olF
P 0 o - P 0 0 ) ’
nf,l nf,n)lj 0 0 R
0o P 0 P
nf,l nf,nf
0 0
0 o P, - 0 (U
| ng ,1 ng ,ny ]
B, 0 0 P, 0 0 |
l,ny
0 A, 0 P
? 1,n
0 : 0
0 0 P 0 0 R 0 0
> 1,n .
3 : . 0 R :
) P 0 0 P 0 0 E 0
nf,l nf,nf 0 0 R
0 P, 0 P, ,
ng 1 ng ,ny
0 0
0 0o P 0 0 P
n‘é,l n‘?,nP
L s sy ]
M 0 0
0 M :
_ 0 = (P®Q)M®=0% M®
0 0 M
M 0 0
Thus, R®=0% M®, where »,;®_ 0 M “|. Since M® is a stochastic matrix, we
: .0

conclude that Q® is more effective than R® .
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